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Abstract

This paper considers the diffraction of incident surface waves by a floating elastic circular plate. We investigate the
hydroelastic response of the plate to a plane incident wave for two cases of water depth. An analytic and numerical
study is presented. An integro-differential equation is derived for the problem and an algorithm of its numerical
solution is proposed. The representation of the solution as series of Bessel functions is the key idea of the approach.
After a brief introduction and formulation of the problem, we derive the main integro-differential equation by the use
of the thin plate theory and Green’s theorem. The plate deflection, the free-surface elevation and the Green’s function
are expressed in cylindrical coordinates as series of Bessel functions. For the coefficients, a set of algebraic equations is
obtained, yielding the approximate solution for the case of infinite water depth. Then a solution is obtained for the
general case of finite water depth analogously. The exact solution is approximated by taking a finite number of roots of
the dispersion relation into account. Numerical results for the plate deflection, initiated wave pattern and free-surface
elevation are presented for various physical parameters of the problem, together with some remarks on the computation
and discussion.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

The hydroelastic analysis of a very large floating platform (VLFP) in water waves received a great deal of attention
because of the design of large floating offshore structures for airports or runaways, breakwaters, artificial islands,
industrial space, etc. The objective of the study is to investigate the behavior of a VLFP and its influence on the surface
waves, i.e., diffraction of the waves by the VLFP. The main idea in the proposed concepts is to build a very large mat-
like structure; therefore, the thickness of VLFP is very small in comparison to its horizontal parameters. This kind of
floating platform can be modelled as a flexible thin plate with elastic properties. This theory can also be used to describe
the interaction between large ice fields and surface waves by inserting the ice physical properties instead of the plate
parameters. As water depth plays an important role in this kind of problem, the theory is divided into three cases: very
deep water (depth is considered to be infinite), water of finite depth, and shallow water.
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Recently, a number of papers were published considering the hydroelastic analysis of VLFP. A very detailed
literature survey for this problem has been published recently by Watanabe et al. (2004). There are several approaches
used to describe the interaction between VLFPs and surface waves. We can distinguish the following: asymptotic theory
for short waves, e.g., Ohkusu and Namba (1996); parabolic approximation, e.g., Takagi (2002); ray theory (Hermans,
2003); variational equation method (Meylan, 2001); eigenfunction expansion method with determination of the
eigenfunctions numerically; Wiener-Hopf technique; Galerkin method, etc. Many of these results have been presented
at the International Workshops on Water Waves and Floating Bodies.

The analytical solution for the plates having one or two infinite dimensions, which simplify significantly the
complexity of analysis, can be derived with use of any of the approaches given above. For the plates of finite extent
numerical methods are often used. Mainly the indicated articles studied the plates of rectangular planform, while there
are only few papers considering arbitrarily shaped VLFPs. Several papers, studying circular plates, were presented
recently at international conferences. For the circular ice floe, the problem was solved by Meylan and Squire (1996) for
the case of deep water by use of the eigenfunction method. A closed-form solution for buoyant circular plate floating on
shallow water was developed by Zilman and Miloh (2000) with use of Stoker’s shallow water theory. This problem was
also solved by Tsubogo (2001) by an advanced boundary element method. The plate floating on shallow water under
an external load has been considered by Sturova (2003). For a finite water depth the problem was solved by Watanabe
et al. (2003) with use of the Galerkin method and Mindlin plate theory. Peter et al. (2003) presented a solution for the
same problem based on decomposing the solution into angular eigenfunctions. The present authors solved the problem
of hydroelastic response of a circular plate for water of finite and infinite depth; some preliminary results were presented
in Andrianov and Hermans (2004).

Here we consider the problem for a plate in the form of the circular disk for two different cases: deep water and water
of finite depth. An analytical study is presented for both cases. The circular plate floats at the surface of an ideal fluid.
We consider the circular plate with constant flexural rigidity and homogeneous stiffness. The edge of the plate is free of
shear forces, bending and twisting moments. We use Green’s theorem and an integro-differential formulation for the
deflection, as derived and described in Hermans (2003) and Andrianov and Hermans (2003). The plate deflection,
generated by incoming surface waves is represented as a series of Bessel functions, multiplied by cosine functions. The
approach presented allows us to study the plate deflection, the initiated wave pattern generated by the plate motion, and
the free-surface elevation.

At first, we study the behavior of the circular plate floating on the surface of the water of infinite depth. This would
appear to be a rather theoretical problem, but it is a good starting point to find a solution for the general and most
important case of finite water depth. Next, we consider the finite water depth case, where the general analysis and set of
equations are more complicated, as more roots of the water dispersion relation have to be taken into account. The
numerical results obtained are presented and discussed for various physical parameters of the problem. The conclusions
and the summary for possible extensions of the approach are given in the last section.

2. Formulation of the problem

In this section we derive the general mathematical formulation for the problem under consideration. The floating
thin elastic circular plate of radius ry covers a part of the surface of the water, which is assumed to be an ideal
incompressible fluid. The value of water depth / is infinite for the case of deep water and finite and constant for the
other case. We assume that no space exists between the free-surface and the plate. The flexural rigidity of circular plate
is constant.

The plate deflection is generated by incoming surface waves. We assume that waves propagate in otherwise still water.
Also, it is assumed that incoming waves are propagating in the positive x-direction without loss of generality. The wave
amplitude is assumed to be small in comparison with other parameters of the problem.

The problem is considered in polar coordinates; they are related to Cartesian coordinates by p? = x* + )2,
¢@ = arctan y/x. The geometric sketch of the plate is shown in Fig. 1. At the free-surface z = 0, we denote the plate
region as 2 (p<ro; ¢ = [0,2n]) with the plate contour & (p = ro; ¢ = [0,2x]) and the open fluid region as & (p>r;
¢ = [0, 2x]).

The velocity potential is introduced by V3®(p,¢,z,t) = V(p, ¢,z, 1), where V(p,?) is the fluid velocity vector.
The Laplacian in cylindrical coordinates is defined as
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Fig. 1. The geometry and coordinate system of the problem.

where the subscript (3) is used for three-dimensional operators, to distinguish them from two-dimensional opera-
tors A and V at the free surface. The velocity potential ®@(p,¢) is a solution of the governing Laplace equation in the
fluid, z<0,

A3@ =0, @)

together with the boundary conditions at the free surface and at the bottom. The linearized kinematic condition in the
plate and water regions, z = 0, has the form
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where w(p, @, t) denotes either the deflection of the plate in 2, or the free-surface elevation in %, and ¢ is the time. The
linearized dynamic condition, derived from the linearized Bernoulli equation, is written as
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at z = 0, where p,, is the density of the water, g is gravitational acceleration, P(p, ¢, ) is the pressure in the fluid, and
Pam is the atmospheric pressure. Relations (2) and (3) are kinematic and dynamic conditions at the free surface, and the
linearized free-surface condition in the open water region &, z = 0, takes the form
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In the finite water-depth case the normal potential equals zero at the bottom z = —#h
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The platform is modelled as an elastic plate with zero thickness. Such a model can be applied, as described above, due
to the small thickness and shallow draft of the platform. To describe the deflection of the plate w(p, ¢), we apply the
isotropic thin plate theory, see, e.g., Timoshenko et al. (1974), which leads to a differential equation at z = 0 in the plate
area 2, known as the Gehring—Kirchhoff equation of plate motion

w
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where m is the mass of unit area of the platform, D is the flexural rigidity, expressed in terms of Young’s modulus E,
Poisson’s ratio v and the plate thickness /4, as follows:
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From now on, the Laplacian is a two-dimensional operator
o 10 19
VA= .
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Following the procedure described in Hermans (2003) and Andrianov and Hermans (2003), we apply the operator

0/0t to (6) and use the surface conditions (2) and (3) to arrive at the following differential equation for the potential ¢
acting on the plate at z = 0:
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We consider harmonic waves and their potential can be written in the form

®(p, 9,2, 1) = P(p, @, 2)e ", ®)
where o is the wave frequency. In the same way, the deflection is written as w(p, @, #) = w(p, @)e **’. Then we reduce
time-dependence and consider waves of a single frequency w and obtain at z = 0 for the plate region 2

i 0
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where we have introduced K = w?/g and the structural parameters & = D/p,.g, it = mo?/p,,g, which are constant.
For the open water region &, we have

0

% _ K¢ =0. (10)
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All definitions, given above, are valid for both infinite and finite water-depth cases.
The potential of the incident wave for water of finite depth has the form

__coshko(z+h) ﬁ .

inc _ ikop cos ¢ 11
¢ 0. 9,2) coshkoh iw ’ (19

where k is the wavenumber, and A is the wave amplitude of the incident wave. The wavenumber kj is the positive real
solution of the water dispersion relation

k tanh kh = K. (12)

For deep water, the potential is represented in the form
qbinc(p, 0, Z) — ‘lj_A eikop cos (p+koz. (13)
w

In this case the wavenumber is ko = K = w?/g.

The wavelength of incoming waves is 4 = 2n/ky. In a practical situation, the radius of the floating circular plate rq
might be of the order of a thousand meters, while the wavelength 1 is of the order of a hundred meters. Therefore, we
consider and compute numerically the situation when the wavelength is less than the diameter of the plate (4 <2ry), but
our approach is also valid for the case of small circular disks (4> 2ry).

The edge of the circular plate is free of vertical shear forces, bending and twisting moments. Hence, the free edge
conditions at the plate contour % are written as

, (I—=w/d 1@ B
1702 (6 ) =0 9
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3. Green’s function and deflection

The main objective of our study is to determine the plate deflection by solving a set of equations at the plate 2. An
integro-differential equation can be derived if we apply the Green’s theorem. To complete the system, we use the free
edge conditions. In this section we describe the Green’s and deflection functions and the operations on the
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corresponding Bessel functions for the circular plate. The expressions for the Green’s function for water of infinite and
finite depth can be found in Wehausen and Laitone (1960).

We introduce the Green’s function for a source within the fluid, that in Cartesian coordinates satisfies
A% = 4nd(x — &), where J is the Dirac J-function, x is a source point and & is an observation point. The Green’s
function obeys the boundary conditions at the free surface (¥4, = K%), and at the bottom, and the radiation condition.

For deep water, the three-dimensional Green’s function can be written in the following form:

Jo(kR)e" e+ d, (16)

%(x,f):—é+i—2/
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where ¢ = R 4 (z — {)*, 0} = R> + (z+{)*, R is the horizontal distance, and Jo(kR) is the Bessel function. The
contour of integration ¢ is shown in Fig. 2. It passes underneath the singularity k = kj to fulfil the radiation condition.

The Green’s function in polar coordinates %(p, ¢, z;r,0,{) for the source and observation points at z={ =10 is
written as

Gp,pir,0) = 2 / K LRy dk, (17)
ok —ko

where the horizontal distance R in polar coordinates is R*(p, ¢; r,0) = p* + 1> — 2pr cos(f — ). Here p and r are the
distances from the center of the plate to the source and observation points, respectively, and 0 — ¢ is the angle between r
and p.

We apply Graf’s addition theorem to the Bessel function Jo(kR) in Eq. (17). Following Tranter (1968) we write

Jo(kR) =" 8,14(kr)]y(kp)cos (6 — o). (18)

q=0

where Jo(kR) is represented as a combination of the Bessel functions J,(kr) and J,(kp), 6o = 1 and J, =2 for g>0.
Finally, the Green’s function in polar coordinates for deep water takes the form

© k >\ .
Hpoirs ) = =2 [ D 0,0, k) os (0 = ) d. (19)
q=0

The Green’s function for finite water-depth case obeys the conditions at the free surface, at the bottom %, = 0, and
the radiation condition. The three-dimensional Green’s function at z={ =0 has the following form in polar
coordinates:

k cosh kh

Ypr i1 0) = =2 | T — K cosh i

L7

Jo(kR) dk, (20)

where . is the contour of the integration in the complex k-plane, given in Fig. 2. Again we apply Graf’s addition
theorem to the Bessel function in the integrand, and the Green’s function takes the form

k cosh kh
k sinh kh — K cosh kh

Y(p,pir,0) = =2 > 8 (kr)Iy(kp) cos q(0 — ) dk. 1)
q=0

As in the eigenfunction approach [see, e.g., Kim and Ertekin (1998) for the finite depth case and Meylan and Squire
(1996) for the infinite depth case], we represent the plate deflection as a series of Bessel functions with corresponding
coefficients of the form

M oo
W(P, (P) = Z Z aann(Kmp) COS no, (22)

m=1 n=0

0 ko k
—/ r

Fig. 2. Contour of the integration.
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where a,,, are unknown amplitude functions and «x,, are the reduced wavenumbers. It will be shown later that r,,,
m=1,..., M, obeys the plate dispersion relation. M is the number of wave modes, i.e., number of roots of the plate
dispersion relation, taken into account.

For numerical computations the upper limit of ¢ in Eq. (19) or Eq. (21) and n in Eq. (22) will be taken as N, which is a
truncation parameter of the problem. We can do this because of the decaying behavior of the Bessel functions with
increasing order. Convergence of the final results is verified in the numerical computations. All terms of the order higher
than N are negligibly small.

In the next section we apply the Green’s theorem at z = { = 0. Application of Green’s theorem at z<0 together
with expansion (22) gives rise to the standard eigenfunction expansion as can be found in Meylan and Squire (1996) for
the potential.

4. Infinite water depth

Here we apply Green’s theorem to obtain the integro-differential equation for the potential and vertical
displacements. Then an approximate solution is derived for the more theoretical and less complicated case of deep
water. The deep-water case is a good intermediate step for deriving the solution for the finite water-depth case, which is
of our main interest. The main integro-differential equation has been derived for the general three-dimensional situation
in Hermans (2001) and Andrianov and Hermans (2003). Now we rederive it in polar coordinates for the problem of
the circle.

Application of Green’s theorem leads to the following expression at z = { = 0 for the total potential:

0g(r,0)
¢

50.0) =40 .00+ [ (Ko %

)g(p, @;r,0)rdrdo, (23)

where the free-surface condition for the Green’s function has been used.
We use the notation (b‘J’A for the potential function in open water region %, it is the superposition of the incident
wave potential ¢™ and ¢%, which is the sum of the classical diffraction potential and radiation potential, as follows:

qb.? — ¢inc + ¢dis. (24)

The potential ¢ must satisfy the Sommerfeld radiation condition
JP E—iko p¥ =0 (25)
dp

as p — oo. The total potential in the area covered by the plate 2 is denoted by ¢”.
Using the dynamic condition (9) for the plate region 2 to express ¢ in terms of an operator acting on qﬁif/ , wWe obtain
the following equation:

7. K 17 ine
(I8 —p+ 1397 =4 / (PO — W7 %(p, gir, O)rdrdf + i, (26)

where for the last term, which represents the potential of the incoming waves, condition (10) has been used. Relation
(26) is suitable for further analysis—to end up with the integro-differential equation for the plate deflection. We switch
from the potential to the deflection function by use of the expression

97 ==, 27)

derived from Eq. (2). Hence, the following equation is obtained:
K .
(2N — p+ Lw(p, ) = y /} (ZA? — Ww(r, )% (p, @;r, O)rdrd0 + Aekorcos ¢ (28)

for the plate deflection w at the free surface z = 0. Eq. (28) can be considered as the governing equation for the problem
of the diffraction of surface waves on the circular plate, which floats in deep water.



A.IL Andrianov, A.J. Hermans | Journal of Fluids and Structures 20 (2005) 719-733 725

We insert the relations for the deflection (22) and Green’s function (19) into Eq. (28) and obtain the following
integro-differential equation:

M N
{QAz —H + 1} Z Z Amn Jn(Kmp)COS ne

m=1 n=0
K 21 o M N
+— / {@A2 — u} Z Z Ay (i6,,7) cOs nl
27‘5‘ 0 0 m=1 n=0
00 k N N
x < / P > 8,1, (k) (kp) cos q(0 — ) dk> rdrdf =4 &Jy(kop)cos ng, (29)
0 - q=0 n=0

where ¢, = 0,i". Due to the orthogonality relation for the cosine functions we only get a nonzero contribution in the
integrand for n = ¢q. Next we work out the integration with respect to r and 0. The integration over r, in accordance with
Korn and Korn (1968), gives us

| 3t 0curyrar = Gy B D) = K ) 50 (30)
0 — K

(K

m

while the integration over 6 gives us 2x for n = 0 and §,mcosng for n>0, and then 2ncos ne for all n.
In such a way, the following set of N + 1 equations is obtained from the integro-differential equation (29):

M oo M
Z(@Ki’ — M + l)aann(Kmp) + KVO / (@Kﬁn - .u)aann(kp)
0 1

m=1 m=

k
x (k — ko) (K —12) [ed 1 Uero)u(remro) — temd u(kro)M p1 (kimro)l dk = AenJu(kop), 31)
— koYK —

m

where n =0,...,N. Here k = k,, is not a singularity of the integrand. For plates with one infinite dimension, the
deflection can be represented as a superposition of exponential functions. Therefore, it is easier to work out
the integration over k in the integro-differential equation for those plates. For a circular plate, the integration in the
complex plane needs special attention, as described below.

If we are at the plate region 2 (p <rg), we represent the Bessel function J,(kro), where ¢ is n or n + 1, as the half-sum
of Hankel functions of the first and second kind

HD (kro) + H (kro)
5 .

Then the integral in Eq. (31) is split up in two; these two we transform into integrals along the vertical axis in the
complex k-plane plus the sum of the residues. All poles in the complex plane are shown in Fig. 3. For the first integral
with H(ql’(kro), the contour can be closed in the upper half-plane with the poles k = k,,,, and for the second one with
H;z)(kro) in the lower half-plane, where the poles are k = —x,,.

T (kro) = (32)

Fig. 3. Zeros of the dispersion relation for deep water.
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We consider two situations separately to derive the plate dispersion relation. In the first integral each of the
Bessel functions with the argument «,,ry is represented as the half-sum of Hankel functions of first and second kind.
After an application of Cauchy residue lemma to the integrand at the poles k = k,,, the Wronskian W can be used,
see, e.g., Abramowitz and Stegun (1964), in those poles for the combination of Hankel functions:

WHD (c,10), HP (16,170)}

4i
= .., Genro)HY (er0) = HP (o) Hi () = = ——. (33)
Kl
For the second integral we apply the procedure described above and use the fact that Hﬁlz)(—icmro) = —eq“iHﬁll)(K,,,ro).
The coefficients of J,(xry) are considered to derive the dispersion relation for deep water
(@K* — u+ D = +ky, (34)

where the plus sign on the right-hand side corresponds to the first situation, and the minus sign to the second. The roots
of the plate dispersion relation (34) are shown in Fig. 3: two real roots +x, and four complex roots +x, and +x3, which
are symmetrically placed with respect to both the real and imaginary axes. Due to the symmetry of the Bessel function,
three roots of the plate dispersion relation (34) are taken into account: real positive x;, complex x; and x3 with equal
imaginary parts and equal but opposite-sign real parts. The real root x| represents the main travelling wave mode, and
the two complex roots represent damped waves.

In this way, for the case of infinite water depth we use three roots of the plate dispersion relation, as for the semi-
infinite plate in Andrianov and Hermans (2003), and in the equations of this section the upper limit of the summation
M is equal to 3. For the case of finite depth, more than three roots are taken into account.

In the first integral we also obtain a contribution of the pole k = ky of the integrand. This contribution has
to cancel the term on the right-hand side of Eq. (31). Because we use the deep water case as the introduction to the finite
water-depth case, we do not consider the contribution of the integral along the imaginary axis, and that makes
our solution approximate. The application of the Jordan lemma and the contribution of the pole k = k¢ lead us to
N + 1 relations:

M 2
. k
irg §_lj p s TkoHL2 (koro)6nr) = s HL Koro) g (6nro)]

X(@K;; - iu)amn = A8n~ (35)
The system for the determination of the unknown amplitudes a,,, can be completed by the free edge conditions. We
obtain N + 1 equations from each of the free edge conditions (14) and (15) at p = ry:

M

Z l:-’ﬂ(Ker) (_Kfzn + %) + Jn+l(Kmr0)Km (lr;ov) Ay = 07 (36)

m=1 0

- 1 — (1 —n)
Z |:J;1(Km”0) (_% K;zn + (V)nTn)

m=1

1— 2
+Jn+1 (Kmr()) (K;:/, + ﬁ K:m):| Ay = 0. (37)
o

In such a way we derive the system of 3N + 3 equations, Eqgs. (35)—(37), for the determination of 3N + 3 amplitudes
- When the amplitudes are known, the plate deflection can be calculated by Eq. (22).

5. Finite water depth

Here we consider the general case when the plate floats on water of finite depth. The governing integro-
differential equation can be derived analogously to the work presented in the previous section. It takes the form
of Eq. (28), the same as in the deep water case, where we use the Green’s function for the finite water-depth case,
see Eq. (21).
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Inserting the relations for the plate deflection (22) and Green’s function (21) in Eq. (28), we obtain the following
expanded integro-differential equation for the water of finite depth:

M N
{QAZ —u+1} Z Z Apndn(KKmp) COS N

m=1 n=
2 o k cosh kh
/ (A" =) Z. Z il (16m) COS ”9< o Kcoshkh — ksinh kh
x Z 3,J (ki) (ke p) cos q(0 — ) dk)rdrdO +4 Z endn(kop) cos no (38)
q=0 n=0

at the free surface z = 0. The case ¢ = n has to be considered only, as was done for infinitely deep water. First we
close the contour of the integration. Then the integration with respect to r and 0 in Eq. (38) leads us to the set of
N + 1 equations

M M
> (@ = ot Damdy(up) + Ko | D@, = andy )
m=1 < m=1
k cosh kh
kY1 (kro)d, (k, — ], (kro)J, )] dk
X (K cosh kh — k sinh k) (& — ) (ki1 (kro)Tu(rmro) — 1du(kro) T 1 (KKmro)]
= Aég,J n(k()p)a (39)

where n=0,..., N.
Now we consider the meromorphic function

k cosh kh
K coshkh — ksinhkh’

plk) = (40)
The poles of function p(k) are the roots of the dispersion relation for water region (12) k = +k;, i =0,...,M — 3,
where kg is the positive real root, and k;, for i#0, is the positive imaginary root, as shown in Fig. 4. The function
p(k) is bounded for all roots. Then the meromorphic function for our problem can be described by the
following relation:

= K 1 1
k) = : 41
r0=2 = K2h+K<k+k = k,-) @b

This procedure has been applied in John (1950) and previously described by Whittaker and Watson (1920). The
upper bound in the summation is chosen in accordance with the number of imaginary roots of the water dispersion
relation (12).

Next, we insert relation (41) into Eq. (39), where we consider two integrals in the complex k-plane, which can
be combined into one integral from —oo to 400 with the poles k = k; only. Finally, we derive the governing

ko
+
0! —/ k

Fig. 4. Closure of the integration contour in the upper half-plane.
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integro-differential equation for the case of finite water depth

M 4 o M 4 J.(kp)
> (@t = et Danndy )+ K [ (@, = s 30

m=1 00 m=1 (kz - Ki%n
M-3 k2
% X K BTy I G ) = bt () O
= As}zjn(kOp) (42)

at z = 0. Now we have to work out the integration in the complex plane, that can be done analogously to the deep water
case. The contour of the integration is depicted in Fig. 4.

We split up the Bessel functions with the argument kry into half-sums of Hankel functions by Eq. (32) and then the
integral in Eq. (42) becomes a sum of the integrals in the upper and lower half-planes. The sum of the residues gives us
the same result in both situations due to the property of the meromorphic function. Also Wronskian (33) can be used
for the combination of the Hankel functions. The residue lemma is applied at the poles k = x,,, that leads to the
standard dispersion relation for water of finite depth if we consider the coefficients of J,(krg). The plate dispersion
relation has the following form:

(Zx* — u+ Dictanhkh = K. (43)

The dispersion relation (43) has two real roots i, and four complex roots £k, and k3, symmetrically placed
with respect to both the real and imaginary axes, those six being of the same order as in the deep-water case,
as well as infinitely many purely imaginary roots. Here we take into account M roots of Eq. (43): one real positive
root k1, and two complex roots x, and k3, with equal imaginary parts and equal but opposite-signed real parts,
as well as M — 3 imaginary roots, all located in the upper half-plane. We notice that the position of the roots x,,
in the complex k-plane is similar to the roots of the water dispersion relation (12), except of the two complex roots x;
and k3. The derivation of the dispersion relation (43) from IDE (42) is a good way to check the correctness of our
approach.

Then we consider the contribution of the roots of the water dispersion relation, plotted in Fig. 4. The contour of
integration for the integrals with H;”(kro) may be closed in the upper-half plane, and for the integrals with ng)(kro) in
the lower half-plane. In the latter case we get a zero contribution because the poles are as indicated in the Fig. 4. The
application of the Cauchy theorem to the integral closed in the upper half-plane gives the following N + 1 equations to
determine the amplitudes a,,,:

Y K2
ko ,; (2 — 12 )(ICh— Kh + K)
x[koH', (koro)Iu(rmro) — 1 HO (koro) s 1 (om0 D, — i) = At (44)
and the poles at the imaginary axis kK = k; result in a set of (M — 3)(N + 1) equations:
I K?
mkry ; & =y ieh— Kh+ K)
X[ (iro)Tu(iemro) — 16 H (iro) 1 (mr0)[(216), — @) = 0, (45)

where i = 1,..., M — 3. The edge conditions (36) and (37) give us 2(N + 1) equations as in previous section. So, we
derive the system of M(N + 1) equations, Egs. (44), (45), (36), (37), to determine the amplitudes a,,, for the plate
floating in water of finite depth. After solving of this system, the deflection of the circular plate can be computed by
formula (22).

The finite depth model can be used for the problems of shallow water, and the results obtained are of higher accuracy,
as more roots of the water and plate dispersion relations are taken into account.

6. Initiated wave pattern and free-surface elevation

Here we study the total free-surface elevation and a wave pattern, generated by the plate motion. It is possible to
determine the free-surface elevation with the use of our approach for the plate-water interaction and integro-differential
equation. The wave field initiated by the plate motion is the sum of the scattered and diffracted wave fields.
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The total potential in & (r>ry) is represented in Eq. (24) as the sum of the incident wave potential and the potential
of waves which appeared due to the plate vibration. Therefore, the free-surface elevation { in the open fluid region #
equals to the sum of the incident wave elevation and the additional wave elevation generated by the plate motion,

Lp, @) = (™ (p, @) + (™ (p, @), (46)

where the value of elevation {™ is known, as it is the parameter of the incident wave field, and the value of {P™ may be
obtained from the analysis of an integro-differential equation.
Analogously to the treatment of the plate area 2 we can derive, for the region %, from Eq. (26) the expression

{ = Aeorcos o 4 o // (ZA? — Ww(r, 0)%(p, @: 1, O)r dr d0. (47)

Finally, with the use of Eq. (47), we obtain the following expression for the free-surface elevation for the water of
infinite depth:
M k2
Up, @) = Ac™oP < _ iy Z Gy @

N
X Z a/nn[k0~]n+1 (kOVO)Jn(Ker) - Km-'n(kOVO)JnJrl (Ker)]qul)(kop) dk. (48)
n=0
To obtain this result previously the residue lemma at the pole k = k is used.
For the case of finite water depth, after the use of the residue lemma at the poles k = k;, we obtain the following
expression for the free-surface elevation:

@ M M-3 k2
((p, @) = Ae™ 0P €5 ¢ — miKr, —
X Z arnn[kiJn+l(kiVO)Jn(Ker) - KmJn(kiVO)JnJrl (Kmro)]qul)(kip) dk. (49)

n=0

Expressions (48) and (49) are for the total free-surface elevation. To study the initiated wave pattern, i.e., to see the
consequence of the plate presence, the incident field may be subtracted out from these expressions. The second terms on
the right-hand sides of formulas (48) and (49) represent {P™ for the cases of infinite and finite water-depth, respectively.
The details of numerical computation are given in the next section.

7. Numerical results and discussion

In this section, numerical results are given for the hydroelastic behavior of the circular plate for different values of the
physical parameters. Results are presented for relevant and practically important cases. Also some remarks on the
numerical calculation and notes about the results obtained are given.

The calculation of the Bessel functions of complex argument, including x; and k3, has to be carried out carefully. The
amplitudes a,,, of each wave mode behave as decaying functions because of the decay of the Bessel functions with
respect to the order n, common for the Bessel functions and amplitudes. Similar behavior of these amplitudes was
reported by Zilman and Miloh (2000) for shallow water. If we increase the value of flexural rigidity or radius, the decay
is faster. Taking into account first the 30 terms of the series results in sufficient accuracy for realistic values of rigidity.
Even for very low rigidity, taking of this number of the terms is sufficient too.

To avoid difficulties in the numerical computation when the argument of the function is small, in principle it is
possible to use the recurrence relation described in Abramowitz and Stegun (1964),

() = 26,0~ 6,1(2), (50)

where % denotes functions J, HY or H® in our formulation, and z denotes the arguments in the corresponding
functions.

Numerical calculations are based on various values of the plate radius and flexural rigidity, while Poisson’s ratio
v = 0.25 and ratio m/p,, = 0.25m are constant. Taking the wave amplitude as 4 = I m, the water depth and incident
wavelength are varied, which lead to different values of the wavenumber k¢ and of the frequency w. The number of the
Bessel function modes, which are taken into account, as described above, is N = 30. The number of the roots of the
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plate dispersion relation for the finite water-depth case (43), which are taken into account, is M = 10. Especially for
shallow water, the difference of the results due to the number of roots M can be hardly seen, while for the case of deep
water the influence of the number of roots can be seen in the area close to the plate edge. The choice of such values of
truncation parameters M and N was also justified by numerical tests. More details about the number of the roots has
been published in Andrianov and Hermans (2003).

The numerical results are plotted for the real part of the plate deflection normalized by the wave amplitude Re(w)/ 4,
denoted by # in the figures. The results for both cases of the water depth are shown in the figures for a constant plate
radius and rigidity and different wavelengths and water depths. The results for the circular plate on water of infinite
depth are shown in Figs. 5(a) and 6(a). The results for the case of finite water depth are shown in all other subplots of
Figs. 5-8. We can see clearly the wave propagation through the plate area.

The figures shown demonstrate that the wave travelling through the plate propagates with a curved wave front. This
is especially prominent for cases when the wavelength is much smaller than the diameter of the circle. The plate
deflection is highly dependent on the ratio between its radius ry and the wavelength 1. We found that for the rigidity
2>10"n*, the plate behaves as a very rigid body, whereas for 2 <10°m?, the plate has hardly any influence on the
surface waves. Realistic values of the reduced flexural rigidity £ are of the order of about 10’ m* for the plate, while for
ice it can be of the order of about 10° m*. The rigidity of the floating platform, Young’s modulus and Poisson’s ratio are
highly dependent on the type of the structure and material used. In a zone close to the plate edge the deflection displays
special behavior and can be quite different from the deflection in the center zone for low rigidity of the floating plate.

Also we found that computational results for large values of depth, /> 100m, are almost independent of water depth.
So, for such deep water, the depth does not have a strong influence on the results, and for this situation it is sufficient to
take M = 10 as well. With decreasing water depth the results for the plate deflection and free-surface elevation are
changing gradually, and then the water depth itself has a growing influence on the results.

For smaller values of the plate rigidity or stiffness the plate deflection increases. If the wavelength is decreasing, then
the value of the deflection grows. The deflection is larger numerically also when the water depth increases.
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Fig. 8. Deflection of the circular plate, for # = 100m, ry = 500m, 2 = 10" n*: (a) 2 = 100m, (b) 2 = 500m.
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Fig. 9. Initiated wave pattern, for 1 = 100m, 2 = 500m, ro = 500m, r; = 2500m: (a) & = 10%u*, (b) Z = 10" m*.
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0

Fig. 10. (a) Initiated wave pattern and (b) free-surface elevation, for 4 = 500m, ry = 500m, r; = 2500m, ¥ = 103 m?.

(b)

Fig. 11. (a) Initiated wave pattern and (b) free-surface elevation, for 4 = 100m, 4 = 500m, 7o = 500m, r; = 2500m, ¥ = 108 m*.

In Fig. 9 we show results for the initiated wave pattern, i.e. for the free-surface elevation {P", generated by the motion
of the circular plate. The subplots are given for the surface of the fluid domain of radius rs, for the water of finite depth.
The initiated wave pattern is highly dependent on the water depth 4 and physical plate properties.

In Figs. 10 and 11 numerical results are given for the initiated wave pattern, subplots (a), and the free-surface
elevation, subplots (b), for the cases of infinite and finite water depth. With the growth of the plate flexural rigidity
(also stiffness or Poisson’s ratio) the influence of the plate motion on the total elevation of the water surface grows as
well. All figures are symmetric about the x-axis, because incoming plane waves propagate in the x-direction and their
crests are parallel to the y-axis.

8. Conclusions and summary

The problem of the interaction between a floating elastic circular plate and incident surface waves is solved. The
analytical and numerical study of the plate hydroelastic behavior is presented. The integro-differential equation for the
problem is derived, and the algorithm of its numerical solution is proposed. For the case of finite water depth the system
of equations for the expansion coefficients is obtained analytically. For infinitely deep water the problem is solved
partly.

The finite water-depth model can be used to solve the plate—water interaction problem for the case of shallow or
infinite depth. Taking the limits # — oo and & — 0, we can derive the dispersion relation relations for deep or
shallow water from the dispersion for the water of finite depth. The floating platforms are located in offshore zones,
usually close to shore. Normally, the water depth is rather small in such zones, but as the wavelength could be short
and long it is more universal to use the finite water depth results to describe the response of the plates to ocean or
sea waves.

The initiated wave pattern and the free-surface elevation in the open water region, the reflection and the transmission
of incoming waves can also be described by the use of the derived integro-differential equation. In contrast to other
papers, by means of our approach we may find the plate deflection and free-surface elevation using one set of the
equations. The approach presented can be extended to other rotational symmetric configurations of the plate.
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The approach is valid when the plate thickness and draft are assumed to be zero. To extend our method to the case of
finite thickness of the plate, we may do the following. The deflection of the plate may be represented in the form
w= w(o)(tcﬁg)) + dw(l)(K(O) k), (5D

m > "'m
where w® is the solution obtained in the foregoing with the zero-thickness assumption, and 9 are the roots of the
plate dispersion relation, also given in the foregoing, d is the draft of the plate, the superscripts denote the draft order.
To avoid secular terms in w1, (9 will be determined. The term w(" then can be derived with use of the function w®
and the extended dispersion relation for the first draft order, where the roots ') are expressed via 9.

One of possible applications of the method is its use for the hydroelastic analysis of a VLFP for, say, a floating
airport. The planform of a VLFP depends on the currents of the sea or ocean, where it is planned to place the floating
airport, the distance from the coast, water depth, expected diffracted pattern, etc. In some cases it can make sense to
construct the VLFP of an arbitrary horizontal shape, for instance, of a circular planform.

By inserting the physical properties of ice instead of those of the elastic plate, we can use the present approach to
study the motion of large ice fields in water waves. There are so-called pancake ice fields with horizontal shape very
close to a circle; in that case the ice-water interaction may be studied by the given theory.
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